
#day , September 12 ,
Lecture 7 : Linear maps

and Matrices

Last timee...

·

Vector spaces
· Span( .....Vn)

= Cy=a +... tan : ai
+R]

· EV , , .

. .,
un] are linearly indep

if the only sol to

a
,
V+...

+ avn
=

is a
,

= a =
.

..
= dr= 0.

· Ev
, , . . .,] is a bis for V if it's a linearly independent

Spanning set

· Dimension =# basis restors

Estat



Ex
- [b],F : [] are linely indep,

since
a

,

V +a =8 (a ,
+ 0a = 0

0 + 292 = 0

ref[s]) : to : 8]
no free variables and consistent

= exactly one solution'

·Geometrically
, Y

,

ant i are intepett :

r
Lef : Basis

A basis for a vector space V is a

linearly independent set of vectors Ev , ,
. .

.

.
un]

which have span (v ......n)
=V

Goldilocks Zone :

·↳n ensures that we "reach" everywhere in V

Ex: = [b] does not spor V= RE
,
since

we conet write [E] as a linear combs of
i . e

.

there is no solution a
,

to

a= (no a such that a to] = [*])



·ear Independence ensures that the list [v, Va . ...,n]

isn't redundant .

E= [i], : [8] , : [i] has

span( , ,) = R2
,
but they are

not a basis since they are linearly dependent :

fire :
here,- is a nonzers solution

I

= =+E ,

so
you

could

remove to without affecting spar :

-

span( , ,g) = Spania) .

Def : Dimension

Thetension of a vector space V is the number

of rectors in a basis
.

So
,
if [v

, ,
. .

.,Vn] is a

basis of V ,
write

tim(v) = n
.

Now
,

a
basis provides a special type of

coordinate system in avector space .



Det : Coordinates
-

Given a
basis B : EV , ....,un] of a

vestor space
V

,

every
rector wer may be uniquely written as

w = W
,

v ,+...
+WVn

we write

ivi : [IWi

and call [r]p the creates
of ~

with respect to

the basis
B.

Ex: Let V = R3
,

and pick the restor v = 11
,
1)

ez

↑
-2

,
=

9 ,

NisDefine 3 bases: 92

Bs +

= [e : (1 ,
%)

, 2: 10 , 13)

Brot = [f ,

= (1
,
1)

, fe = (1
.

- 11]
same

rector , tives.

↓

Be = [g .

= e
, ge

:e] different perspec

v = e
,

+ 2 E [v]
= [i]

v = +, +of => [v]. = [b]
v = g . -92 = [b = [i]



Deliverpe a
function between restor spaces.

we say f is linear
if Vv

,
weV

,
a fR(orD)

,
-

f (v +w) = f(v) + f(v)

f(av) = af(v)

ERR
· f(x) = 3x is

linear

f (x +y) = 3(x+y) = 3x +Ty = f(x) + f(y)
f(ax) = 3(ax) =abx = a f(x) .

·
f(x) =

X* is not line

f (1 + 1) = (1 + 1)" = 4

but - (1) +f (1) = 1 + 1 = 2
.

· f(x) = ExtS is not line

f (1 + 1) = 3(1 +1 +5 = 6 + 5 = 11

but f (1)+f(x) = >(1) +S + 3(1)+) = 6+ 1= 16

· f : R -> R3

f(x
, y ,
z) = (2y ,

3x
,
4(z +y) is line

Notice :=4z +4y



"CoortiThm syst
-

Fix bases Br:E , ,
. ... v3 of V and Britw ....,

] of W
.

Then

men matrices [A] ,
with

linear maps[ columns
A :Von [M] = [ ...]

· a vector neV is in put as
coordinates [M]v

· The output rector AneW is in coordinates [Au]w
· column vectors are

coordinates [f(v)]w

·it Bin
,

busa

let
,

= [s] , c : [i] Bout ,
basis of M2 .

Define A : R3-R by Alxiyiz = (2x
,
31 y+z)

Let ver? So incoordinates
~ = xe + yeatze= [v

: n
= [

Thin I I

[M = [ExDon+ [ApenSour [Alepinif
: [08)
Ale

= 25
,

so coordinates are [Aleibout : [G)
Check :

[A]: [] [=
E

our

↑



The right perspective can greatly clarify the action of
a map .

Eit TIRETR2 be Thy) = (xty ,
x +y)

Take the standard basis Bs+ = [e : (1 .
0)

,
e : 19. 1)] ·

This

[T]s+.
= [ii] ~not

diagonal ...

But now ,
choose new basis

Notice that

-

Ba= Ef = ( .
4

, fil-1)
If = 2 fif ,

and Es are eigenvectorshe
f2

New coordinates : any v = v
,

f
,

+ Vete :s

[v]ew : [vi]
So [f, en

: [b]
.

Ezhen : [, ]

E [E [Hif : [35]
↑

...
but it's diagonal in

this basis !

Moral : the linear operator T :VIV is represented
by adiagonal matrix when

V has a
basic

of eigenvectors of Jo



We really like diagonal matrices ,
they're the best .

&f : Diagonalizable matrices

A unwatMiscalledit
i

M =
SDSt

where D is diagonal.
· Of course

, by replacing S with R" ,

we
could also say

M = R DR
.

· We know that given
a basisBota vector

space Vwith
n = dimIV)

,

linear operators nanimatrices

T : V + V [T]

- what does this mean for linear operatorsh



Let T : V - V be a linearoperator .

correspondence :
-

There is a basis of V

#The
matrix [T] is

p

consisting of eigen
rectors diagonalizable .

V
, ...,V of T

.

Why ?o Suppose there
is a
basis of eigenvestorsBegiV, .... vn] of T,

30

Tv = xiv ;
for all ii1,..,.

The coordinates of the eigenvector v; in Being areeasily found :

~ O+ ...+ore[ = [fit
so in this Jasis ,

[T]g : [" ....]
Check :

[T]
,
Mil : /......) [i

- [i]
= X
: [vi]eig

· Likewise ,

if US is some basis and [T]p is diagonalizable,

[T] : S[TJeig Schayc of basi


